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Abstract. We want to construct a homological link invariant whose Euler characteristic is MOY polynomial 
as Khovanov and Rozansky constructed a categorification of HOMFLY polynomial. The present paper gives 
the first step to construct a categorification of MOY polynomial. For the essential colored planar diagrams with 
additional data which is a sequence naturally induced by coloring, we define matrix factorizations, and then 
we define a matrix factorization for planar diagram obtained by gluing the essential planar diagrams as tensor 
product of the matrix factorizations for the essential planar diagrams. Moreover, we show that some matrix 
factorizations derived from tensor product of the essential matrix factorizations have homotopy equivalences 
corresponding to MOY relations. 



1.1. Categorification of quantum link invariant. Mikhail Khovanov introduced a homological link invari- 
ant whose Euler characteristic is Jones polynomial. At present we understand Jones polynomial as a link 
invariant derived from the quantum group {/^(sfe) and its 2-dimensional vector representation V2. (We can also 
obtain a link invariant induced by a quantum group and its representation, called a quantum link invariant.) 
Such a system making a homological link invariant whose Euler characteristic is a quantum link invariant is 
called a categorification of the quantum link invariant. A natural question is "can we construct a categorification 
of the other quantum link invariants?" In the case of HOMFLY polynomial, which is derived from U q (sl n ) and 
its n-dimcnsional representation V n , Mikhail Khovanov and Lev Rozansky also constructed a homological link 
invariant whose Euler characteristic is HOMFLY polynomial. 
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1. Introduction 





Figure 1 . Reductions for single crossings of HOMFLY polynomial 



2000 Mathematics Subject Classification. 81R50,18G60. 

Key words and phrases, matrix factorization, categorification, Khovanov-Rozansky homology. 



2 



YASUYOSHI YONEZAWA 



However, there exist a lot of quantum link invariants which is not categorified yet. For example, MOY 
polynomial (see [5]), which is a quantum (regular) link invariant derived from U q (sl n ) and its fundamental rep- 
resentations, is one of quantum link invariants which are not categorified (uncategorified) yet. Since this MOY 
polynomial is a generalization of HOMFLY polynomial, it is natural that we hope to construct a categorification 
of MOY polynomial generalizing Khovanov and Rozansky's work. 

We briefly recall the work of M. Khovanov and L.Rozansky We calculate HOMFLY polynomial of an 
oriented link diagram D by transforming each single crossing into planar diagrams Po and Pi in Figure 2 (in the 
case of Hopf link, see Figure 3), evaluating the planar diagrams T derived from the link diagram as a Laurent 
polynomial of q and summing the Laurent polynomials by the reduction in Figure 1. 

For an oriented link diagram D, we can construct a homological link invariant C(D) n whose Euler charac- 

)( X 

Po Pi 
Figure 2. Planar diagrams 




Toi Tn 
Figure 3. Planar diagrams derived from Hopf link diagram 

teristic is HOMFLY polynomial for the link diagram D as follows. First, for each planar diagram P in Figure 
2 we define a matrix factorization C\P) n which is a 2-cyclic complex of modules. Since every planar diagram Y 
induced by a link diagram D is decomposed into some of the planar diagrams Po and Pi , a matrix factorization 
C'(T) n for the planar diagrams T is defined to be the tensor product of matrix factorizations for parts Po and Pi 
of the decomposition. For example, the planar diagram Tio in Figure 3 has a decomposition shown as Figure 
4. Then we have a matrix factorization C'(Fio)n for the diagram Tio as 

C'(r 10 )„ = c\v 1 ) n h c(r 2 )„ h c(r 3 )„. 
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Figure 4. Decomposition of planar diagram 



For a link diagram D, we define a complex C(D) n by exchanging every crossing into a complex of matrix 
factorizations for planar diagrams Pq and P\ as follows, 

</),-{ 

c (X).-( 

In the case of Hopf link diagram, we obtain the following complex, 

\ IdK x _ 

C'(r o) n ^C-(l' 10 J„©C'll'oiJ n ^C(l'ii)„ . 

M. Khovanov and L. Rozansky introduced such a complex of matrix factorizations for a link diagram D and 
they proved that x+ an d X- °f the complex are associated with a homological link invariant, i.e. they showed 
that complexes derived from diagrams appearing in Reidemeister moves are isomorphic. 

We want to construct a homological link invariant whose Euler characteristic is MOY polynomial in [8] as 
Khovanov and Rozansky constructed a catcgorification of HOMFLY polynomial. The present paper gives the 
first step to construct a catcgorification of MOY polynomial. We consider the following strategy to achieve this 
purpose, 

Strategy 1.1 (Catcgorification of MOY polynomial). 



x+ 



'0 o„f» -'kd- 



~c() ()j-n + !}(!)— r(T)„f-»}<l>- 



(IdK X -,-X-^M) 



(SI) Give a graded category MF 9r of a Z-graded matrix factorization with tensor product (commutativity and 
associativity) such that some matrix factorization C'(P) of MF gr realizes every essential colored planar 
diagram P of Figure 5 . 




1 < i < n, 1 < i\, 12 < n — 1, is = i\ + 12 ^ ti 



Figure 5. Essential colored planar diagrams 



By calculation of MOY polynomial (see [8],) every colored crossing is exchanged into a formal linear 
sum of and in Figure 6. Since the diagrams and is decomposed into some of essential 
planar diagrams in Figure 5, every colored planar diagram T derived from a colored link diagram D is 
also decomposed into some of essential planar diagrams in Figure 5. For the colored planar diagram 
r, we define a matrix factorization C'(T) to be tensor product of matrix factorizations for parts of the 
decomposition. 

Moreover, the category MF 9r must have a homotopy equivalence (i.e. an isomorphism in the homotopy 
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FIGURE 6. Colored planar diagrams 



category HMF 9r ) corresponding to every relation of MOY polynomial. For example, the homotopy 
category HMF 6 "" must have the following equivalence corresponding to MOY relation in [5], 



-i 



(S2) In such a homotopy category HMF ff 



we construct Z-grading preserving morphisms xi'k f rom ^XPk) 

(id) 

- i i we 

define the chain complex for colored single crossings as a complex of matrix factorizations in the complex 
category Kom(HMF £,r ). Then we prove that such morphisms x+'^ an d X-^ 9^ ve a homological link 
invariant. That is, we have to prove that the complexes defined by these morphisms X+'k an d X-k 
induce the following isomorphism in the homotopy category o/Kom(HMF jr ) 



to C^Tj^i) and morphisms X-k f rom ^X^k) ^° ^T-^fc+i)' Using these morphisms x+'^J an d X- 





The main purpose of this paper is denning a candidate for matrix factorizations in Strategv ll.il (SI). For 
the essential colored planar diagrams (Figure 5) with additional data which is a sequence naturally induced 
by coloring, we define matrix factorizations, and then we define matrix factorizations for planar diagrams 
and r£ of Figure 6 as tensor product of matrix factorizations for essential planar diagrams. In the paper [10j . 

the author defined matrix factorizations for the planar diagrams J) , and to reconstruct the matrix 

factorization for^I^- Since the planar diagrams ^ , ^jj^ and ^f'*' are * ne same to colored planar diagrams 
J) 2 , jJTi an d ' we can °- enne matrix factorizations for diagrams of Figure 5 as a generalization of these 
matrix factorizations. 

In the notion of the category rlMF 91 " , we show that some matrix factorizations derived from tensor product 
of the essential matrix factorizations have isomorphisms in HMF flr corresponding to MOY relations. 

The present paper is organized as follows. 
In Section 2, we give basic definitions, properties and theorems related to category of a matrix factorization. 
However, many things are already known. New results are Theorem l2.131 which is a generalization to multivari- 
able of Theorem 2 given by Khovanov and Rozansky [7] [10], Corollary |2.11i Corollary 1 2 . 1 41 and Corollary 12. 151 
In Section 3, we notice facts of Z-gradcd algebra. After that, we define matrix factorizations for essential colored 
planar diagrams of Figure 5 and show that some matrix factorizations for planar diagrams have equivalences 
corresponding to MOY relation. 
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2. Category of Z-graded matrix factorization 

2.1. Z-graded matrix factorization. Let R be a Z-graded polynomial ring over Q, let Mo, Mi be free Z- 
graded i?-modules permitted infinite rank and let be a homogeneous element uj G R. A matrix factorization 
with a potential uj G R is a 2-cyclic complex of M and Mi , 



M = M 



-M r 



-M 



with the properties dM 1 d,M = wldjf, and dM Q dM 1 = wldji^. We often simply denote this 2-cyclic complex by 
M= (M ,Mi,d Mo ,d Ml )- 

For a Z-graded polynomial ring R over Q and ui G i?, let MF^ u be a category of a Z-graded matrix 
factorization whose object is a matrix factorization M = (Mo, Mi, dM , i/J with the potential a; and whose 
morphism / = (/o,/i) from M = (M , Mi, dM > ^mJ to N = (A , Ai, aV , ) consists of a pair of Z-grading 
preserving i?- module morphisms Jo : Ma ~> Ao and f\ : Mi — > Ai such that c?tv /o = /i^a/ an d ^JVi/i = /o^M r 
A matrix factorization M € Ob(MF| ? r w ) is finite if Mo and Mi are finite rank i?-modules. 

Let i? and -fiT be Z-graded polynomial rings over Q and S be the maximal ring with inclusions from the ring 
S to R and R. We will take the tensor product of R and R ovev the maximal ring S always, 

R®R = R®Rl '{rs®r - r ®sr]r £ R.rE R,s 6 S}. 

A Z-grading of the tensor product R<^)R is naturally induced by one of the tensor product R^>R- 
For an i?-module M and an i^-module M\ these tensor product over S is also defined by 

M(^N = M<g)A/{ms<gm -m^sn\m e M,n £ N,s e S}. 

Indeed, a Z-grading of the tensor product M<X>A is also induced by one of M(|>A. 



For M = (M , M 1 ,d Mo ,d Ml ) G Ob(MFf£j and N -- 
product of matrix factorizations MM N € Ob(MF^ s 



(N , Ni,d No ,d Nl ) £ Ob(MFf^.), we define the tensor 



MKJV := 



M (§>N 
Mi®Ni 

s 



Mi. 
Ma 1 



>A 
)A X 



— dN 1 
dMi 



du x 
—dN 



djVi 
dM 



M <g>A 
Mi <g>Ai 



dM 
dN 



—dpf 1 
dMi 



Mi ^>A 
M Q ®N X 



dtAi 

— dN 



d^! 

dM a 



M fN 
M 1 <S>N 1 



where 



simply denote 



d Mo f)IdAr 
Id Mo ®d No 



dM 



djtfi 



and 



and 



du x 
—d^a 



dN 1 

dM 



d Ml f Idwo 
-Id Ml ®d No 



dM c 



JldjVi 



This tensor product 
product. 



is commutative and associative. Moreover, there is the unit object for the tensor 



Proposition 2.1. (l)For M G Ob(MFg"J and A G Ob(MFf£J, tft ere is an isomorphism in MF|j„^- w _^ w - 
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(2)ForL £ Ob(MFf[J, M £ Ob(MF^J and N £ OtyMFg^), there is an isomorphism mMY 9 ^ K R - - , 

S sr ' 

Proof. See [ID]. □ 

Remark 2.2. As from here, ~M[ M ~M% M3 [X] • • ■ Kl M^" is expressed as 

M^mM^MM^m---^M^=(---( (M[ M Mi) M M3) m ■ ■ ■ ) M TQ. 

Proposition 2.3. The matrix factorization ( R — — >■ — — R ) is the unit object for tensor product to any 
object in MF^ w . In brief for any matrix factorization M £ Ob(MF| f r aJ ) we have 

TT^(R — — ^->- R ) ^ M 
Proof. See [ID] . □ 
R often simply denotes 

R := (R — ^— »- — -R) . 
The translation functor (1) changes a matrix factorization M = (Mq, Mi,dM ,dM ± ) £ MF^' w into 

17(1) = (Mi.Mc-d^.-dMb) eMF^ 

/ —d-M-, —dMn 

= Ah ^M — 




The functor (2) (= (l) 2 ) is the identity functor. 

Proposition 2.4. For M £ Ob(MF^ r w ) and iV £ Ob(MF^ w -), i/iere zs an isomorphism in MF 9 ^^ H 

(MH7V)(1) = (M(1))E7V 
~ MS (77(1)). 

Proof. See [10]. □ 

The morphism / = (/i,/2) : M — > TV £ Mor(MF^ w ) is null-homotopic if morphisms /lo : Mq — ► iVi and 
/ii : Mi — > A^ exist such that /o = ^l^Mo + dNi n o and /i = /lo^Mi + dwo^i- Two morphisms /,g : M — > JV £ 
Mor(MF^T w ) are homotopic if / — e/ is null-homotopic. In this case, we denote / ~ Two matrix factorization 
M and TV £ Ob(MF^ w ) are homotopy equivalence if there are Z-grading preserving morphisms / : M — > N 
and g : N M such that /<? ~ Id^- and gf ~ 

Let HMF|T W be the quotient category of MF^ which has the same objects to MF^* W and has morphisms 
of Mor(MF^ w ) modulo null-homotopic. The category HMF^T^ is called the homotopy category of MF^. 
It is obvious that a homotopy equivalence in MF^ 7 is an isomorphism in HMF^ . 

A matrix factorization in MF^ U is called contractible if it is isomorphic in HMF^ W to the zero matrix 
factorization 



K) K) 

A Z-grading shift {n} (n £ Z) is an operator up n-grading. That is, for a Z-gradcd i?-module M with the 
Z-gradcd decomposition ©M 4 (M 4 :Q vector space with i-grading), Al{n} is defined by 

M{n} = ®M l+n . 

The Z-grading shift {n} turns the matrix factorization M = (Mo, Mi, dM , ^Mi) into 

JI{n} = (M {n},Mi{n},d Mo ,d Ml ) 

M {n} V Mi{n} ^ M {n} ) . 
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Proposition 2.5. For M g Ob(MFf£ J and TV g Ob(MF^J, there is an equality in MF^jj. u+u , 

(MB77){n} = (M{n})K7V 
= M^(N{n}) 

Proof. We find that these objects are really identical by definition. □ 

If the potential uj equals then a matrix factorization M g Ob(MF^T ) satisfies the boundary condition 
^Mo^Mi = dM 1 d>M = 0. Therefore, there is homology functor H from MF^* to a category of a Z © Z 2 -graded 
homology group as follows, 

H(M) = E j ' k (M), 

j£Z,k£Z 2 

where k is a complex grading of the matrix factorization M (i.e. k = or 1) and j is a Z-grading derived from 
the Z-graded modules of the matrix factorization M. The Euler characteristic x of H(M) is defined by 

X(H(M))= £ dimQff^(M)^. 

jez,kez 2 

2.2. Koszul matrix factorization. Let i? be a Z-graded polynomial ring over Q. For homogeneous Z-grading 
polynomials a, b € R and a Z-graded i?-module M, we define a matrix factorization K(a; o)m with the potential 
ab by 

X(a;6) M = (M,M{i(deg(6)-deg( a ))},a,6) 



(M 2 -M{i( deg(6) - deg(a) )} 5 Htf) , 



where deg(a) and deg(6) are Z-gradings of the polynomials a,b <E R. In general, for sequences a = (oi, a%, . . . , a*,), 
b = (bi, 62, ... , bk) of homogeneous polynomials in R and i?-module M, a matrix factorization i4T (a; b) M with 
the potential $2 i=1 is defined by 

#(a;b) M = I ^(aisftOflHfM, 0,0,0). 

i— 1 

This matrix factorization is called a Koszul matrix factorization [5]. 

Remark 2.6. Let R be a Z-graded polynomial ring over Q and let R y be the Z-graded polynomial ring R[y]. 
For polynomials a and b in R, K(a\b)u y is a matrix factorization of R y -modules with rank 1 in MF^T ab and a 
matrix factorization of infinite rank R-modules in MF^ r ab besides. 

Proposition 2.7. Let c be a non-zero element in Q. There is the following isomorphism in MF|^ a6 

K(a; b) M ~ K(ca; c~ 1 b) M . 

Proof. See fTU]. □ 



Proposition 2.8. 

K(a;b) M (l) = K(-b;-a) M {±(dcg(b)-deg(a))} 

~ K(b;a) M {±(deg(b)-deg(a))} 
Proof. See [I0]. □ 

Proposition 2.9. Let a% and bi be homogeneous Z-grading polynomials such that deg(ai) + deg(6i) = deg(a2) + 
deg(&2) and let Xi (i = 1,2) be homogeneous Z-grading polynomials such that deg(Ai) = deg(a2) — deg(ai) and 
deg(A 2 ) = -dcg(fei) + deg(a 2 ). 

(1) There is the following isomorphism in MF|j r aitli+a2b2 



ai I ' V h J J M \ \ a 2 + Aiai J : \ b 2 / / m 
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(2) There is the following isomorphism in MFjj a b +a . 



K 



a 2 



b 2 



K 



M 



ai — X 2 b 2 
a 2 + A 2 &i 



A I 



Proof. See MUM- 



□ 



Theorem 2.10. Let R be a Z-graded polynomial ring and let ai, bi and b{ (i = 1,- ■ ■ ,m) be polynomials in R. 
If ai, ■ • ■ , a m G R form a regular sequence and 



^ aih = ^ a-ih'{=: w), 



there is the following isomorphism in MF^' ( 



"1 




Proof. See Theorem 2.1 on [7] 



□ 



Corollary 2.11. Put R = Q[xi, x 2 , ■ • • , x k ] and R y = R[y] / ' (y l + a x y 1 ^ 1 + a 2 y L ~ 2 H h a t ) (a t G R). 

(1 )Let ai be a polynomial G R y (i = 1, • • • ,m), bi be a polynomial G R (i = 2, • • • ,m) and let b±, (3 be polynomials 
G R y with the property (y + [3)b\ G R. If these polynomials hold the following conditions; 

(i) (y + f3)bi, bi, • ■ ■ , b m form a regular sequence in R, 

m 

(ii) aihiy + P) +^o,-6< (=: uS) G R, 

i=2 

then there are polynomials a/G R (% = !,••• ,m) to give the following isomorphism in MFr iUJ 





( 


( (y 


+ 0)ai 


) 




( * 


) 


) 






I 


( (y + j9)oi 


\ 


( 


h ) 


\ 








a 2 




b 2 










ai 




b 2 




K 










1 










~ K 








J 








{ 




11 !!! 


J 




\ b m 


J 


J 






\ 


\ dm 


) 


V 


b m ) 


) 



(2) Let ai be a polynomial G R y (i = 1, • ■ • , m), bi be a polynomial G R (i = 1, • • ■ , m) and P be a polynomial 
G R. If these polynomials hold the following conditions; 

(i) b\ , b 2 , ■ ■ ■ , b m form a regular sequence in R, 

m 

(ii) ai&ifo/ + (3) + a * b i ( =: w e i? - 

then there are polynomials a{ £ R y and a/G R (i = 2, • • • ,m) to give the following isomorphism in MFjj ;Ii; - 



K 



( «1 ^ 




( bi(y + p) ) 


) 




( 


( 


a L 


\ 


( Mv + P) \ 


\ 


a 2 




b 2 








ai 


b 2 












~ K 










• 




\ a m J 




\ b m J 


J 




{ 


{ 


CL 7n 


) 


V b m ) 


) 



Proof. (l)We consider the matrix factorization 



K 



( 


( * \ 


( (y + P)h \ 


\ 




a 2 


b 2 


\ 


\ a m J 


V b m ) 


) 
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Since the sequence {{y + (3)br,b 2 , ■ ■ ■ ,b m ) is regular, by Corollary 12.101 there are polynomials a/ £ R (i 
1, • • • , m) to give the following matrix factorization, 



K 



( a{ \ 

\ dm j 



( (V + /?)&! \\ 

b 2 



J 



It is obvious that the polynomial degree of b\ is less than one of (y + /3)b\. Then we have the isomorphism 



// (y + /3)oi \ / h \\ 



K 



a 2 



\ a m J 



\b m J 



K 



V a m ' j 



\ 


( * \ 


\ 




7 


b 2 






/ 


\b m ) 


J 


Ry 



(2)Thc polynomial ai can be described as 
(1) 

First wc consider the matrix factorization 



ai = lay 1 1 +7iV 2 H h Tf— 1 



(7< G 



/ 


f ai(y + j9) \ 


/ 6, ^ 


\ 






b 2 




V 


\ a TO / 


v 6 m y 


/ 



K 



By assumption, the second sequence (bi,b 2 , ■ ■ ■ , b m ) is regular and potential of the matrix factorization is in R. 
Using Theorem 12.101 we find that there are polynomials c\ and a{ (i = 2, ■ • ■ , to) in i? to give an isomorphism 
between the above matrix factorization and the following matrix factorization 



K 



(( Cy \ ( h \\ 

a 2 



b 2 

\b m J 



Therefore, a\(y + j3) — c\ can be described as an R y coefficient linear sum of b 2 , • • • , b m —i, b m . Since, by 
Equation U), 



oi(y + /9) = 7oy ! + (71 + Pto)v +{i2 + Pn)y +••• + {n-i + Pii-i)y + Pn-i 

= (7i + Plo - ai7o)j/' _1 H h (7/-1 + Pli-2 - m-ilo)y + Pli-i - a;7o 

and b 2 , ■ ■ • , b m -\, b m form a regular sequence, the polynomials 7i + /?7i-i — ct;7o (i = 1, • • ■ , Z— 1) are described 
as an R coefficient linear sum of b 2l • • • , 6 m _i, b m , 



(2) 



7i + /?7i-i - "i7o = X! S «'.A (* = 1) • • • , ' - 1)j 

i=2 



and /?7;-i — «/7o is described as 

m 

/37;_i - a/7o = ci + 2J sijbj. 
Moreover equations of (|2|) change into the following equations by linear transform, 



7. = (£(-1)^/3^)70 + £ S TA" 
3=0 3=2 



(i = !,-■■ ,1-1), 



1(1 
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where a = 1 and s itj = y^(-l) fc f3 k Sj- k ,j 



k=l 



Thus we have the equivalence between matrix factorizations as follows, 



A" 



/ 


( °1 ^ 




( hiv + 0) \ 


\ 




( 


1 








b 2 








0,2 












~ K 






V 


\ a m ) 




\ b m ) 


) 




\ 





,2-1 



,2-1-i 



\ / h(y + (3) \\ 
b 2 



where 



i-i 



v ~ 3 1 loy 1 - 1 - 1 - 



i=0 \j=0 

It is obvious to find the polynomial a±(y + (3) is in R. Since the polynomials b 2 , • • • , b m — i, b m form a regular 



sequence and the polynomial Ej=2( a :f ~~ E'=i s i.jbiy l 1 *)£>j = uf — a>i(y + /?) is in R, polynomials ai G R 
(i = 2, ■ • ■ , to) exist to give the following isomorphism 



K 



( 



a i 



a 2 - ELi s i,2hy l 1 ' 



\ I h(y + P) \\ 
62 



// ai' \ / b 1 (y + (3) \\ 



a 2 



□ 



Remark 2.12. Put R y = R[y] / (y l + a\y l 1 + a 2 y l 2 + • • ■ + oti) (on G R). If the variable y remains in a 
polynomial p then the multiplication map p to R y is complicated as an R-module morphism. However, if the 
variable y dose not exist in a polynomial p then the multiplication map p is simply a diagonal map as an 
R-module morphism, 



Ru 



Ry = 



( a R \ 
aiR 



V ai-!R J 



( P 
p 







/ a R \ 

ot\R 

\ m-iR j 



V ••• p J 



where olq, ol\, ■ ■ ■ , Oii-i form a basis of R y as an R-module. 



In next section, Corollary 12. 1 II is useful for decomposing a matrix factorization into its direct sum of matrix 
factorizations. 



The following theorem is a generalization to multivariable of Theorem 2.2 given by Khovanov and Rozansky 

mm- 

Theorem 2.13. We put R = Q[x\ and R y = R[y], where x = {x\,x<z,--- ,xi) and y = (yi,y 2 ,--- ,y m )- If 
a = (a±, 02, • • ■ , (Xfe) o-nd b = (61, 62, • • ■ , bk), where ai and bi are homogeneous polynomials in R y , satisfy the 
following conditions 

(i) Z)»=i a * b i (='■ u ) e R > 

(ii) There exists bj which can be described by cy-l y£ ■ • ■ y 1 ^ + p, where c is a constant and p is a polynomial 
of R y whose every monomials are not zero in the quotient ring R y / (y^y^ 2 1 ' 'ym)> 

then there is the following isomorphism in HMF^ . 



K(a;b) Ry ~ K(&;h) Ry/{b]) , 
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where a and b are the sequences omitted the i-th polynomial of a and b. 

Proof. We can prove this theorem to repeat proof by M.Khovanov and L.Rozansky in [7] [10]. By Proposition 
12.71 and the above assumption, we can describe the left-hand matrix factorization 



K( a; b) Ry ~ K{k- h) Ry m K{a r ,y\iy% ■ ■ ■ y% + P ) Ry . 

i i 

The Koszul matrix factorization K(&;h) Ry is described as (R y , R y , D a , Z?i), where D , Di £ Mat r (i? y ) (r 
2 fc ~ 2 ). Then we have 



K&h) Ry 



pr or pr 



pr pr dt 

y y y 



The ring i? y is split into the direct sum as an i?-module; 

R y ~ R < © i?> , 

where 

R<= # • vi 2 ■ ■ ■ vt - Ry/ (vi 1 2/2 2 ■ • ■ vl m + p) 

(»1 , >2, ■ ■ ' , »m) £ N> 
min{ii — , 12 — fi2 j " ' ■ 5 *tti ~ n m } < 

and 

V2 2 '"I'm" 1 +P 

The i?-modulc morphism i? y 1 >■ R y induces the i?-modulc isomorphism 

Jiso ■ n y K> . 

Moreover, there are the natural i?-module injection 

finj '■ R< *" Ry: 

and the natural i?-module projections 

fproj < '■ Ry *~ R< : 

fproj> ■ Ry *■ R>. 

The i?-module R y is also split into the direct sum 



Ry ~ R^ © Ry . 



Then there are also the i?-module isomorphism 



the i?-modulc injection 

and the i?-module projections 



P . pr Vl'v^-'-V^T+P pr 

" ISO ■ JTy >~ > ■ 



P . pr pr 

-Finj ■ J *y 



Fproj < ' Ry >■ R r < , 



p . pr pr 
r proj> • 1 L > • 
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Since the following i?-module morphisms 4>o and </>i are i?-module isomorphisms; 

RZ 



R r < 



= RL 



RZ \ D F~l ld R r 



R r K 
© 

Rl 
© 

RL 



F inj (-yi 1 yT---ylk m -p)Fr 1 



Id, 



Ry, 



the Koszul matrix factorization A" (a; b)^ y is isomorphic to the following matrix factorization M by the isomor- 
phism =(00,01 ), 



M 



( R< 

© 

© 



4> 1 -Do'0o 



RZ 



RZ 



RZ 



P -Di'tAi 



Since 



consists of 



F, 



proj < 

P)F~ 1 F P 



■D n Fz} F„ 








and 0! 1 = {-yTvT 



Ry J 



F 

■y? n m ~p)f.[ s 1 f ] 



J r iso r proj> 

the morphisms (j)^ 1 Dq '<f>Q and (j)^ 1 D{<\>\ are described by 



±y ^ ± iso 1 pro]> 



proj> 








4>i 1 £>o'0o 



By the construction we have 



Fproj < Dq Finj 








Gi 





F 

± ISO 


G 2 


uFr 1 

ISO 






Ajso and O 1 D{cf>i 









F,, 



Gi Fp ro j < F)\ Fi n j -\- Fi SO H2 
G2 F pro j < F>i Fi n j + uF is0 Hi 

H^ 1 Doh + F iso G 2 = 0, 









MflT 





















Id*. 



By the isomorphism = 
M is isomorphic to the following matrix factorization, 




= 0, 




= 0, 




= 0, 




= 0. 










Id^ 








Id«; 



, the matrix factorization 



M = 



r: 



RZ 



Ry 



( 


fa 1 D '4>o 








\ 












F- 

± ISO 






V 





ujF^ 1 

ISO 





J 





RZ 



RX 



RZ 



f 


<t>i 1 Di4> 








\ 












F 

± ISO 






V 





ujFr 1 

ISO 





) 





r: 



R 1 : 



RZ, 
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The submatrix factorization 

/ \ 

Rr > \ ( R> \ ( R> 



R r I ( F is0 \ \ R r J I Fi so \ \ R r 
is contractible in HMF^ 1 ^. Thus, M is isomorphic to the following matrix factorization 



V 



in HMF^T^. By the choice of a basis of i? y as an i?-module, we find that this matrix factorization is isomorphic 

3 I 

to K(a.;b) Ry/{bj) . □ 

Corollary 2.14. We put R = Q[x\ and R y = R[y], where x = (xi,X2,--- ,x{) and y = (j/i,J/2) - '" iVm)- If 
a = (cti, Ci2, ■ ■ ■ , ak) and b = *(&i, b?, - • • , bk), where Oj, &i G i? y , satisfy the following conditions, 

00 Eli H w) 6 

(*) There exist a polynomial bj £ R y such that ,when bj(x, y) denotes bj(0, y) +p (p £ Ry), every monomial 
of p is not zero in the quotient ring R y / (bj(0,y)\, 
then there is the following isomorphism in HMF^^, 

K(a;b) Ry ~ K(a;h) Ry/{bj) . 



Proof. Each monomial of bj(0,y) is suitable for y^y^ 2 ■ • -y)n 01 the condition (ii) of Theorem 12. 131 Thus, we 
obtain this corollary. □ 

Corollary 2.15. We put R = Q\x\ and R y = R[y], where x = (xi,X2,--- , x i) and y — (2/1,2/2,- •• ,2/m)- If 
a = (fli, 0,%, • • • , afc) and b = *(&i, 62, • • • j frfc); where a%, bi £ R y , satisfy the following conditions, 

(i) Eli clA (=: w) £ R, 

(ii) There are polynomials bj 1 , bj 2 , ■ • • , 6 J; holding the condition (*) 0/ Corollary \2.1J\ and the condition that 
the sequence 

{b n &y)AMy), - ■ ■ ,b n %y)) 

forms regular, 
then there is the following isomorphism in HMF^ , 



3l,32,--- ,31 



31,32,--- ,3l 



K{*-h) Ry ^K{ a ; b ) Ry/(b]i ^... tb .y 

31 j J 

Proof. Since the sequence (bj 1 (0, y), bj 2 (0, y), ■ ■ ■ , bj, (0, y)) is regular. Then the sequences a and b satisfy the 
conditions (i) and (ii) after we apply Corollarv l2.14l to the polynomial bj, (0, y). Thus we can prove this corollary 
using induction. □ 

3. Matrix factorizations for colored planar diagrams 

3.1. Poincare series of a Z-graded algebra. Wc briefly recall the Poincare series of a Z-graded algebra. We 

only state its definition and properties. 

00 

Let R = Ri be a Z-graded algebra over Q. The Poincare series of R is defined to be 



i=0 



P q (R) := ]T(dim Q iW 

i=0 
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If x is a homogeneous element with n-grading in R and not a zero divisor, then we hnd 

P q (R/xR) = P q {R)(\-q n ). 

Generally, for a regular sequence X r =(x±,X2, - ■ ■ i x r) whose each variable Xj has homogeneous n,-gradings 
respectively, we find 

(3) p q {R/ (Xr)) = p q (R)(i - <f 12 ) •••(!- i nr ), 

where (X r ) is an ideal generated by x±, x 2 , • • ■ , x r . 
Proposition 3.1. The homogeneous "L-grading terms of 

(1 + xi + x 2 H h x r )(l + y-i + j/2 H h y s ) - 1, 

where deg Xj = 2i and deg = 2i, form a regular sequence in Q[x±, X2, • • ■ , x r , y\, y 2 , • • • , Us] ■ 
Let I be an ideal generated by homogeneous Z-grading terms of 

(1 + Xl +X 2 + ■ ■ ■ + X r )(l + Vl + V2 + • • • + Vs) ~ 1, 

Since these homogeneous terms form a regular sequence, by this proposition and the equation ([3]) the Poincare 
series of R/I is 

(4) P (RIT) = (hfe!Hh^ 

1 ] q[ ' ' (1 - 9 2 )(1 - 9 4 ) • • • (1 - 9 2r )(l - 9 2 )(1 - 9 4 ) • • • (1 " <7 2s ) ' 

Let Xi be the elementary symmetric functions in r variables ti,t 2 , ■•• ,t r (a Z-grading of every variable Aj is 

2); 

l<ni<n2<'--<rii<7' 

and let F r be an z variables function obtained by expanding the power sum + + • • • + £™ +1 with the 
elementary symmetric functions x±, #2, • • • ,x r , i.e. 

(6) F i (x 1 ,x 2 ,--- , Xi ) = % +1 + % +1 + --- + t? +1 . 

The Z-grading of x\ is 2i and one of F r is 2n + 2. Using a sequence of z variables Xi = (x\,x 2 , ■ • ■ ,Xi) We often 
denotes Fi{x\, X2, ■ ■ ■ ,Xi) by Fi(Xi). 
We define Jacobi algebra Jp r to be 

In the work of Gepner [2] , the Jacobi algebra Jp r is isomorphic to the cohomology ring of the Grassmannian 
manifold H*(Gr r (C n )) as a Z-graded algebra. Since the Poincare series of the cohomology ring H*(Gr r (C 71 )) is 

(l-g 2 )(l-g 4 )---(l-g 2 ") 

(1 - a 2 )(l - a 4 ) • • ■ (1 - <z 2 '')(l - a 2 )(l - a 4 ) • • • (1 - a 2 '- 2 -) ' 
the Poincare series of Jacobi algebra Jp r is also 

(l-^Xl-^-.-a-q 2 ") 



(7) P q (JF r ) = 



(1 - g3)(l - g*) • • • (1 - ,*■)(! - g*)(l - g*) • • • (1 - g2n-2r) ' 



3.2. Colored planar diagrams and matrix factorizations. We define matrix factorizations for the colored 
planar diagrams in Figure 5. Let ti ; k be a variable with Z-grading 2 for any formal indexes i and k, let x^k be 
the elementary symmetric function with Z-grading 2j in a polynomial ring Q[ti,fc, t 2 ,k, ■ ■ ■ >*i,fc]) where A: is a 
formal index, and let Ej be an i variables function obtained by expanding the power sum t\ "j" 1 + \ l + ■ ■ ■ + ^"2" 1 
with the elementary symmetric function x± t k, %2,ki ' • ' j^i.fc (as Equation ([6])). 

We assign a sequence A^fc of i variables x±_k, %2,k, • • • , Xi.fc on a boundary of a line colored i and define a 
map C from a colored planar diagram with such an assignment to a matrix factorization. 

Definition 3.2. A matrix factorization for 



(i=l, 

Xj_2 
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is defined to be 
(8) 

where 

7-1,2 _ 

L j,i - 

and 



X, 



X, 



W 2 * 



i,2 



Fi(x lt 2, ■ ■ ■ ,Xj-i2,Xj t i,Xj+i t i, ■ ■ • ,X itl ) - Fi(xi t2 , ■ ' ■ fXj-lfrXjfrXj+i,!, ■ ■ ■ , X i} \_) 



XiA - Xj,2 



This matrix factorization is an object of 



Remark 3.3. Fori > n + 1, we can also consider the matrix factorization for a line colored i, ^^ >i as the above 
definition. However, we find that these matrix factorizations are homotopic to the zero matrix factorization. 

Definition 3.4. A matrix factorization for the following trivalent diagrams, 

Xi 3 ,3 Xi lt i <*i 2 ,2 




12,2 




is defined to be 



(9) 



(10) 
where 

1;2,3 




j=l 



K A 



, i;2,3 



-1:2 



■ T,- o — X 
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i=i 



M ^r:; ! ; :.Y; : ; : , ; . a?j,s 



ii, i,Xi 2 ,a,Xi 3 , 3 



{-*1*2}, 



A 



v l:2 



r, 



-Fi 3 (^l,3) " " ' i x 3-^, 3 ^j',i 1 ;i 2 i-^j'+'\.,ii;i2'>'" '"^ia'jiijia) ^3 (^1,3) 1 ^j-1,3) ^',3) -^j+l,ii;»2 ' ' ' ' ' ^isM ;»2 ) 



and X^i ; | 2 is tfie 2j -grading term of (1 + jc lifcl + x 2 , fel H h x lukl ){\ + x 1M + x 2 .k 2 H 1- Zi 2 ,fc 2 ) ~ 1- 



Two matrix factorizations (|9j) and (| 1 0[) are an object of MFq| y i x ^ x , f , x 3 ^_ f . r x . ^\—f- (x- 2 ) an< ^ 

an object of ^q [Xha , x ^ 2 , x>3 },f h (x^+f^x^-f^x^s) respectively. 

We define a matrix factorization for a more general planar diagram by using tensor product as follows. 

We consider two planar diagrams which have a line colored i and can be match with keeping the orientation 
on the line colored i, 
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gr \ 



X, 



Using the matrix factorizations 

C ^/t,),/ ^"''MlT.,/,v ' and C^y.^:)^ Ob(MF 
we define a matrix factorization for the glued planar diagram 

This means that we identify the sequence X^\ and the sequence X^i after taking the tensor product of these 
matrix factorizations. Since a potential of the tensor product of two matrix factorizations is the sum of each 
potential, the potential of the glued matrix factorization is u) + uf. 

For a planar diagram T composed of the disjoint union of planar diagrams Ti and T2, we define 

c( r )„ := c( Tx ) n a c( r 2 ) n 

Since we only consider a colored planar diagram decomposing into the colored trivalent diagrams in Figure 
5, we can obtain a matrix factorization for the colored planar diagram by taking tensor product of matrix 
factorizations for the trivalent diagrams. By definition of gluing, the potential of a colored planar diagram 
depend only on the boundary assignment of colored planar diagram. 

Proposition 3.5. (l)There is the following isomorphism in HMFqJ^, , ~ R W+F r x . \, where the polynomial 
ring R and the potential uj are determined by the boundary sequences except the sequence X^i, 

(2) There is the following isomorphism in HMFq^ ^ „ fl u _ p , x . n, where the polynomial ring R and the 
potential lu are determined by the boundary sequences except the sequence X^i, 



Xi t 2 

(3) There is the following isomorphism in HMFq 

- { J Fi(Xi,i) ->■ -> JFiiXi,!) ) {-in + i 2 } (i) , 
where JpAXi 1) * s Jacobi algebra for the polynomial F^fX^i)), i.e. 

dF t dR 



,1,^,2] 



Xi 2— *Xi 1 



Proof. (1) We describe the matrix factorization C'l ■ I inHMFS„ 1 ssi? u+f- ix 1 as (Mo, Mi, D , Di), 



^Xi,2]gR,u>+Fi(Xi,2) 

where Mj is an i?<£>Q[.Yi.2]-module. Then we have 

Xifi 

C( ^"A^X A ) = (M 0) Mi, D , Di) IS X (/. l: ;:.r. , - Xj , , 

We can regard this matrix factorization composed of QfA^i, X^] ®-R-modules as a matrix factorization which 
consists of infinite rank QfA^i] (g>i?-modules. Because the potential of this matrix factorization is in the 
polynomial ring QjVt^i] Moreover, the polynomials Xj t i — ^3,2!^ 1=0 ( J ' = 1; 2, • • • , i ) form regular in 
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Q[Xi A ,X h2 }fR- Thus, we can apply Corollary [US] to (M ,M ll D ,D l )M l J=1 K yL^y.Xj^ - x jf2 
Then we have 



(M ,M 1 ,D ,D 1 ) \ Xiil ^x i>2 B (Q[X hl ,X h2 ]fR/ 



xi,i ~ x\,2, ■ ■ ■ 



,Xi,i - x i>2 ) ,0,0,0^ 



The quotient polynomial ring QfA^i, ^,2] ®R/ (#1,1 — ^1.2, • • • j ^,1 — x i,2) is isomorphic to Q[Ai,i] ®R. Thus, 
we obtain the right-hand matrix factorization. 

(2) This proof is similar to the proof of (1). 

(3) We have 
X /\ (/.',;;:. 1 ./•, j 



Xi,2^X iA 3=1 



The polynomial Lj\\xi 2 ->Xi 1 is 

Fi(- ■ ■ , Xj-i t2 ,Xj t i, Xj+1^1, ■ ■ ■ ) — Fi(- ■ ■ , Xj-i >2 , %j,2)Zj+i,i> • • • ) 



1 ],Q[^, 1 ]{2i-l-n},i J 1 i ; 2 |^, 2 ^ i!l 



x, 1 - a;,-, 2 



Xt,2-*Xi,l 



dxj 1 



Hence, we apply Theorem 12. 131 to these polynomials of the matrix factorization after using Proposition 12. 51 and 



j 1 



3=1 



-i , 1 , ^"i , 2 

u ]{n + l-2j},0, 



"^i , 2 — *■ 1 1 

di^i) 
(3a; j 1 



(j Fi( ^ tl) ,0,0,0){-m + i 2 }(i), 



□ 



A matrix factorization for the loop colored i, is defined to be the above matrix factorization; 

MF(0<) ; = (^c^), 0,0,0) {-m + i 2 }^). 
Corollary 3.6. The Euler characteristic of the homology H(C((^)i)„) equals MOY polynomial for the loop 

*( h O)j) = 



colored i; 



Proof. By definition of Euler characteristic, the left-hand side of this equation equals the Poincare series of 

, .2 

Jacobi algebra times q~ m+t . Thus, we obtain the right-hand side of this equation by using the equation (J7J) in 
Section O □ 



Proposition 3.7. Let R be a polynomial ring generated by variables of sequences Xi,i, ^,2, ^,3, %i,4 and let 
lo be a polynomial 

•Fit (2:1,4, ' ' ' ,^4,4) - F h (0:1,1, • ■ • ,3*1,1) - F i2 (xi, 2 , • ■ • , x t2 . 2 ) - F i3 (xi,3, • • • , ^3,3)- 
(1) There is the following isomorphism in HMF|j 

/ ^4,4 \ / ^4,4 \ 
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(2) There is the following isomorphism in HMF^T 

^ V V V ^ 

■'Hi,! ^-i 2 :2 <T-i 3: 3 



V 




i 4 ,4 



^ ~V V V ^ 

<"Hl,l <"H 2 ,2 -^i 3 ,3 



V 




h 4 ,4 



/„ 



where 1 < ii, 12, 23 < n — 2, ig = ii + i 2 < n — 1, ig = 22 + *3 5- n — 1 a^rf *4 = ii + *2 + *3 < i- 
Proof. (1) We have 




2;5 _ _ x l;2 

J.B iA.-fay v. iiliAfi2i2 ,^ 5i5] 



Since the potential of this matrix factorization does not include the variables of X^*, and 

is obviously a regular sequence, we can apply Corollary 12. 151 to these variables. Then the matrix factorization 
is isomorphic to 



I k(a%. 



3,4 
»5;i3 ' 



Y 5;3 



' ! ''VQft,i,^, J ,^,5,^, 4 ,* tl6 ]/( Ill5 -X;;? i;j!r , Ii5 , 6 -X^ l|j3 ) 
In the quotient ring Q[X ilA , X i2>2 , A^, X u>4 , X i5j5 }/ /x lj5 - Xj£. ia , •• • , £ i5 , s - -X^f;^ ), the polynomial 



X^f %i equals the 2j-grading term of 



(1 + x x ,i + £2,1 H h x iu i)(l + X1.2 + x 2 , 2 H h x i2i2 )(l + £1,3 + x 2 ,3 H h 2*3,3)- 



If ii-jj-ij denotes the 2j-grading term of 

(1 + + x 2 ,i H 1- ^»i,i)(l + ^1,2 + £2,2 H h 2c ia)2 )(l + £1,3 + £2,3 H 1- £43,3), 

the polynomial A^'? B '* 3 equals to 

-ft^O " ' 1 ^j-Mi;i 2 ;z3 ' x iAi x j+l,4i • • • ) — i r i 4 (• ■ ■ , j^i^Mjigjigj -^j,'u';i 2 ;i3' x j+l,4; ' ' ' ) 

_ yl;2;3 " 

Let A^'^'*,- denote this polynomial. Then the matrix factorization is isomorphic to 



A' A 



,i;2;3,4 _ v 1 ; 2 ; 3 



J,n;i2;»3 



The other one is 
/ 




•2, 2, Xi 3i3 ,Xi Bt 6 ] 
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Since the potential of this matrix factorization does not include the variables of Xi 6t e and 

0*1.6 - X l',i 2 ;i3'' ' ' ' x *e,6 - X %%-,u)\(Xi lA ,Xi a ,a,X ia ,3,X i4A )=(2!) = (Xiefi) 

is a regular sequence in Q[X il: iX i2! 2X i3! 3^4, 4<-ti 6 ,6], we can apply Corollary |2.15l to these variables. We similarly 
obtain the result that the matrix factorization is isomorphic to 



K A 



, 1;2;3,4 



1:2:3 



(2)The proof of this proposition is similar to (1). By using Corollary I2.15[ we find that the left-hand and 
right-hand matrix factorization arc isomorphic to 



P7I TS /Vl:2:3,4 v l;2;3 \ 



Xi 2t 2,Xi„ t 3,Xi it 4] 



where the polynomial Vj'?'^^ is 



1:2:3 



1;2;3 



j,ii;i 2 ;i3' j+Mi;i2 



aits' - --) --Pi 4 (- -- ,^-1,4,^,4,^ 



1;2;3 



1;2;3 

j,ii;i2;i3 



□ 



For < TI2 < j < Tlx, we define the positive integer p(j, m; 712) by 

ni_n 2 —n 2 



"2 



= XI PC/.»i;na) <r nina+na+!W . 
3=0 



Proposition 3.8. (l)There is the following isomorphism in HMF^, 



,1 >Xi 3i2 ],Fi 3 {Xi 3 ,l)— Fi 3 (Xi 3i 2) 



( 



C 



x, 



it .3 



V 




\ ( ( ^3,1 \ 

iii 3 — i 



©p0\*3,»i) 



'1.2 A 



13,2 



e 

3=0 



/« 



V 



V 



13,2 



{-iiia + i? + 2j} 



/ 



(2) There is the following isomorphism in HMFqt 
X;, 



( 



X, 



«3 ,3 



V 




12,4 



ii,2 



* 2 (n — — »2 

e 

J=0 



'Hi,! 



c 



V 



v 



ii,2 



{-j 2 (n-«i)+«2 + 2j} 

Jn / 



<* 2 ) 



where 1 < ix, 12 < n — 1 anc? 13 = i'x + 12 < n. 

Proof. (l)We have 

I ^3,1 \ 



C 



ii ,3 




is, 2 



3;4 

i,n;*2 



Q[*i 3 .i,* 4l .3,*f 



1 k( V 4 

,4]J = 1 V J 



j,ii;i 2 ' X J.2 + •^j,i 1 ;» 2 



3:4 



'i 3 ,2,Xi l! 3,Xi 2 ^4] 



{-«1«2} • 



The potential of this matrix factorization does not include the variables of X i± 3l X i2 ^ and the sequence 



I 1 ^3:4 



X 



3;4 

2,ii;i 2 ' 



5 3^3,2 



3:4 



-3:4 



-3;4 



2(1 
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is regular by Proposition l3.ll we can apply Corollary 1 2 . 1 51 to the matrix factorization. Thus we have 



'Q[A- I3 , 1 ,A' I 3, 2 ,A' I1 ,3,^ 2i4 ]/( :Cl , 2 +Y 1 3 f i;i2 ,...,x l 3, 2 +Xf 3 ^ i;i2 } 



The polynomial A.-'^'.^ is equal to -k} 2 3 in the quotient ring 

Q[Af i3i i, X ist2 , X ili3 , Xi 2 .i\/ (xi.2 + Xl't vi2 , ■ ■ ■ , x i3l2 + X is%,i 2 
By the equation Q in Section 13. 11 the Poincare series of the quotient ring is 



Since 



i 3 ,l; Xi 3 ,2> ^1,3, ^2,4]/ (^1,2 + Xf^.^, ' ' ' 7 ^i 3 ,2 + X, 

(l-g 2 )(l-g 4 )---(l-g 2 ' 1+2 ^) 

(1 - q 2 )(l - Q 4 ) • • ■ (1 - q^)(l - q 2 )(l - q 4 ) • • • (1 - q 2i >) qV% 

(l-g 2 )(l-g 4 )---(l-q 2il+2i2 ) 



) 

,1, ^3,2])- 



(1 - q 2 ){\ - q 4 ) • • • (1 - q 2 ^){\ - q 2 ){\ - q 4 ) ■ ■ ■ (1 - q 2 ^) 



^2 Pi^hlh) q~ 



U«3+«i+2j 



the quotient ring Q[<^ 3 ,i, A$ 3j2) A£ li3 , -^4]/ (0:1,2 + A^; 4 .^ , ■ ' ' > x *s,2 + ^"fjfii^/ {~*i*2} is isomorphic to 



»1»3— »i 



Bp(j,J3;ii) 



as a Z-graded 



(®[x t3A ,x l3 , 2 ]{~i 1 i 3 +i 2 +2j}y 

3=0 

j 3 .i, ^-algebra. Thus, we obtain the matrix factorization 

®p(i,i3,ii) 



e 

3=0 



c 



X, 



13,2 



{-*i*8 + *i + 2.7} 



(2) We have 
/ 



*3 >3 



V 




22,4 



»i,2 



/ 



= ^-^(^.ii-is^i. 3 ~ ^j,'u;»a)QWi, 1,^1,2,^3,3,^2,4] {-*i«2} .g^i^A^'.^jX^.^ - a;j,3)Q[Af il(1 ,Ar 4l ,2,Ar 4 3, 3 ,Af i2 ,4] 
The potential of this matrix factorization does not include the variables of ^3,3, Xi 2 ^ and the sequence 

( X llt ui2 -Xl,3, X 2 l f 1 . i2 -X2,3, ■■ ■ , X l£ h . i2 -X i3>3 ) (X iltl ,X il>a )=(ff) = (X1A~X1,3, ' ' ' , 3^,4-2^,3, -2^+1,3, •• • , -Xi 3)3 ) 



is regular in QfAfj^i, Xi ± ^ 2 , ^3.3, Xi 2 ^]. Thus we can apply Corollary 12 . 1 51 to the matrix factorization. Then we 
have 



• v jVii;i2'^\7,ii;-S2 ^,'n;*2)Q[A' il , 1 ,A' ilj 2,A' S 3,3,A' i2 ,4]/(A' 1 1 ;1 1 i , i2 -x 1 ,3,---,X 



(*) 



'3 
□ 



^/»2;4,3 . yl;4 
^( A i,fifi 2 !^j,ii;i2 ~~ X jM;i2^Q[^n, 1.^1,2, *i 3 ,4] l -1 !^} 7 



3,»li«2 *3'<>/ 



where 

* 2;4,3 



A 



p (Y 2 '^ Y 2 ' 4 X 1 ' 4 X 1;4 \ — F (X 2 ' 4 X 2 ' 4 Y 1 ' 4 

X 1 ^ 4 _ y 2 ; 4 



rl;4 

"j + l,ii;i 2 ' 
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Since Xj?. ia - Xf£. h is the 2j-grading term of 

- xi )2 ) + (2:2,1 - 2:2,2) H h (2^,1 - ari 1)2 ))(l + xi A + x-2A H H 2^,4), 

the polynomials -Xj'^.j 2 — -^jit-ia (*i + 1 ^ J — 23) can be described as the linear sum of the polynomials 
X)'t V i 2 — Xjf i;i2 (1 < j < Using Proposition 12 . 91 the matrix factorization (*) is isomorphic to 



K(*; Xj.i — Xj 



0=1 

«3 



].2) , Q.{X tl ,i,X ilt2 ,X i , 



M (Q[X ilA ,X iu2 , X i2A ], Q[Xi ul , X il>2 , X l2A }{2k - n - 1}, Agf. , 0) {-i ll2 } 

fc— zi+l ' ' 



Since the potential of the partial matrix factorization El (*;£,■ 1 — a^W.v- x 2 x A equals Fi 1 (Xi 1 1) 

3=1 ' ' Z l : 

^1(^1,2)) by Theorem 12. 101 the partial matrix factorization is isomorphic to 

/ *ii,i \ 



C 



V 



x, 



»i,2 



[^ a , 4 ], 0,0,0). 



/ 



The other partial matrix factorization ^^^(QfAfj^i, -^2,4], Q[<^i,l} ^1,2, <-fi 2 ,4]{2fe— n— 1}, A^',^,0) {-1112} 
is isomorphic to 

— ' - - ' '' i 2:4,3 



Thus, we have 

/ ^1,1 



X 



H,2 



fe=tl+l 



(0, ^,2, AT i2>4 ]/ ( ) {2k - n - 1}, 0,0) 



fc=ii+l 



(0, Q^,!, * il)2 , ^ 2 , 4 ]/ ( A 2 fc ; j4 ) {2k - n - 1}, 0, 0) {-z^} 



Since we find that 



(^ il ,i,Af il , 2 )=(0) = -5^7(2:1,4, •■ • ,^,4,0, ••• ,0) (h + l < j < k) form regular 



sequence, these polynomials A?'^ 4 4 , A?' 4 ' 3 .^ also form regular. The Poincare series of the Z-graded 
quotient ring 



Q[^ii,i, ^1,2, ^2,4]/ ( , A 



2;4,3 

i3,n;i2 



{ ^ 2k - n - 1} {-«ii 2 } 

fc=i!+l 



equals to 



(1 - g 2 ( n_<1 ))(l - g 2 ("^ l l- 1 )) ••• (1 - g 2 ( n -»3+l)) 




p^qi^, 1,^,2]) n ? 

fe=i!+l 



2k— n— 1 v iii 2 
x y 



Hence, the matrix factorization C 



i 2 ,4 



ii,2 



is isomorphic to 
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X, 



e ' 

0=0 



{-i 2 (n-h) + i 2 2 + 2j} 



X, 



ii,2 



Bp(j,n— 11,12) 



(<a>. 



□ 



Proposition 3.9. T/iere is the following isomorphism in HMFq^ ^a^,^ , 3 ,^ , 4 ],-Fi(*i ,i)+F j (x ] , 2 )-f 1 (x 1 , 4 



Xi t i 
1+ 



(1)C 



2,5- 



A 



1,3 



Ai 8 



-A 



3-1,7 



A 



J. 4 



A' 



j. 2 



(2)C 



j,5- 



3+1 



If ^3+1,8 
Xl,3 



X 



( X ^ X i> 2 \ ( X U1 X jt2 \ 




3-1 
1=1 



/ #1,1 #7,2 \ 



#1,3 #3,4 



n—j—X 
k=l 



#1,3 #7,4 



{2i-i> 



/#i,i 



#3,2 \ 



J-l 



#1„ 



A' 



3,4 



{2fc + j 
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Proof. (l)We have 



lA 



c 



X: 



2,5" 



Xi 



-X, 



i-i.7 




^,4 



^1,1^1,6 - ^2,5 
Xl,5 - 5Cl,3 - 

2:2,5 - afi.3fJi,8 



A' 



6:7.2 

3,l;j-l 



a6;7,2 



/ 




V 



v 2 T 



J J 



J-X 

;7 



V 3,1J-1 



V, 



8;7,4 



V V V S ' 7A 
\ \ "j.Xy-X 



Xj-1,2 ~ ~ x j-l,7 

Xl,7 + Xi jS - Xi t 4 
»1,7»1,8 + ^2,7 ^ %2,4 
»2,7»1,8 + 2:3,7 ~ ^3,4 



^j-2,7^1,8 + Xj-1,7 - Xj-1,4 
Xj-l,7Xl,8 ~ Xj t 4 



{-3 + 1} 



w 



J J 



^1, 8)^-1,7:^, 2] 



We apply Corollary |2.15l to the matrix factorization. Then we obtain 



// A 



K 



3:8.5 



A 6;7,2 



V 



V, 



7.4 



7.4 
7,4 



3,xy'-i 



8;7,4 

J-X.Xy-I 



\ \ "j.Xy-X 



2^2,5 - a;i,3^i,8 \\ 

2j,2 - ^1.6^-1,7 

^1,7 + X\fi " ZX,4 
X\, 7Xi : 8 + 272,7 - £2,4 
^2,72:i,8 + 2^3,7 - 2:3,4 

Zj-2,7^1,8 + Xj-lJ - Xj-i A 

Xj-l,7Xl,8 ~ Xj,l J ) 



{"J}. 



Ri 
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where R\ 



Xl,l + Xl,6 
£1,2 " 



" £l,5, £1,1^1,6 



£2,5, £l,5 ~ ^1,3 - 

,Xj t 2 - •<• 1. I ,7 



^1,8, 



In the quotient ring, there are the following equations 



£1,5 
£2,5 
£1,8 

Xk,7 



Xl,l + £1,6, 
^1,1^1,6, 

Xl,l ~ Xi,a + 351,6, 
k 



J2(-l) l x[ >6 x k - lt2 (=:A k ) (fc = l,2,--- ,j-l), 



1=0 



where a; ,2 = 1- 

Then we can consider R\ ~ Q[<^i 1, Afi 3, 4, Afi e]- That is, the variables £1,5, 35 2 , 5, £1,8 and Xfc,7 can be 
removed from the quotient ring R\ using the above equations. Therefore the matrix factorization is isomorphic 
to 



K 



A 



2,1;1 
6;7,2 

i.ia'-i 



T/8;7,4 
V 2, 1-7-1 



^8:7,4 
•S- 1,1: 7-1 



/ (xi, 6 - a;i )3 )(xi,i - xi, 3 ) \\ 

Ef=o(-l)'4,6«i-I,2 
351,1 + 351,2 - 351,3 ~ 331,4 
- 35i, 3 )Al + X 2 ,2 - 2:2,4 

- 35i, 3 )A,_ 2 + 3.7-1,2 ~ ajj-1,4 
\ (351,1 - 351,3 + 35i, 6 )Aj_i - a5j, 4 // 



{-3} 



^1,1 1 <^i, 2 ,3 4,^1,6 



Theorem 12. 131 is applied to X^=o( — ■"•) x i 6 x j—l,2 of the matrix factorization. Then we obtain 



/ / T5^5 \ 

/ Ji 2,l:l 



A" 



y8;7,4 



( (a5i, 6 -35i, 3 )(a5i,i -35i, 3 ) \\ 
351,1 + 35i,2 - 35i, 3 - 25i,4 
(351,1 - 35i, 3 )^4i + 352,2 ~ 35 2 ,4 



{-3}, 



where R{ = Q[X 1A , X it 2 , #1,3, X jt 4, #i, 6 ] / (Ej=o(-1)'4,6^-^) - ^1 = A|;?:? and V$T/ , = in the 

quotient ring R{. Since the polynomials A k are described as 



4fc = [J2(- 1 ) k ~ hx he 1 ' h EHf^J K6-35l,3) + ^(-1)^35^^,2 
\(i=0 \i 2 =0 / / Z 3 =0 

= Ufe_i(a5i,6 - 35i,3) +Vfe, 
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the above matrix factorization is isomorphic to 

/ / A 2 11 + 2Jk=2 U k-2V k i x \ 



K 



r, 



;7,4 



i,i;i-i 

7~T 



vv 



2,ly'-l 



T/8;7,4 
^.7,i;.7-i 



/ (a;i, 6 - a;i )3 )(ari j i - xi, 3 ) \\ 

+ X1.2 ~ £1,3 - £1,4 
(Xi,! - Xi i3 )ui + X 2 ,2 - X 2 ,4 



{-J}- 



We can apply Corollary 12.111 to the matrix factorization, and then there arc polynomials a G R{ and ak G 
fi,i, Af 3) 2, <^i, 3 , Xj t 4](:= R\") (k = 1, • • • j) to give an isomorphism between the above matrix factorization and 
the following matrix factorization 



(11) 



K 



( ( a \ ( (^1,6 -^l,3)(£l,l -£l,3) \\ 

xi,i + ari )2 - 2:1,3 - xi j4 

(#1,1 -£1,3)111 + X 2)2 -»2,4 {-j}- 



(l 2 



The partial matrix factorization K{a\ (#i,6 — Xi l3 )(2:i,i — £1,3)) has the potential 

3 i-i 

a(x lt6 - xi, 3 )(xi,i - 2:1,3) = uj - a,(-(a;i,i - xi^Xy^-l)'" 1 "^^ 1 '^^) + x*, 2 - Xi,4) £ #1" 

i=l 

Thus we have 



fe=0 



fc(a; {xifi - xi :3 )(xi i i - xi, 3 )W 

/ / Ri \ ( Ri'P -n}\ 

(xi fi - x 1 . 3 )R 1 " 

Xlfi(xi,6 - Xi, 3 )i?i" 



x{ §{xifi - xi^)R{' 



V x\ 6 2 (x lfi - xi^)R{' J 



Xi, 6 Ri"{3 - n} 
x\ 6 i?i"{3 - n} 



c 1.6 2 ^l"{ 3 _ n ) 

V ai?i"{3-7i} J 

\ 



\ 



, fo, fi 



where 



/ a(xi, 6 - £1,3) 



Jo = 




a 







fi = 



\ a 
( 

xis - 2:13 



a(xi j6 - 0:1,3) 




c(xi.6 - Xi. 3 )(xi,l - Xl, 3 ) \ 





y xi,i-xi, 3 

£ (-i) i - 1 - fei < 6 1 - fei f £ (-i) fe -^^ 3 - fc ^ fc2 , 2 



fei=0 

Remark that it is obvious to find 



a(xi, 6 - 2:1,3) = £(-l) 3 M/^s- 



fe=0 
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Hence the partial matrix factorization splits into the following direct sum 

ft , „a(a=i,6-xi, 3 ) x M -xi, 3 

( (2:1,6 - 2:1,3)^1 >- -Ri {3 - n) ^ [xifi - x lt3 )Ri ) 

I I \ n « a ( x l. 6-^1,3) n » r „ , XI, 1-21, 3 . \r>»1 

©( £1,6 (£1,6 - a;i,3j-fii >■ ^1,6^1 {3 - n) s- 2:1,6(2:1,6 - xi^jUi ) 

7 — 2/ ,,"(11,8-11,3) 
©( 2^,6 (#1,6 - £l,3)-Kl 

©( i?i" aR{'{3 



x{ 6 2 R{'{3 - n] — — ^s- x{ q(x x ,q - Xi^ 3 )Ri) 

a(ii, 6 - xi )3 )(xi,i-xi >3 ) „ . 

-n\ ), 



/ „ „ o(xi,6— Xl |3 ) H.l-11,3 „ „w„-i 

( R{' : i?i"{l - n} -Ri ){2} 



a(xi, 6 — Xl, 3 ) 11,1-11,3 „ „ N r„ 

)( R{' : ^ Ri{\ - n} — : ^ Ri){2j - 2} 



KRi 



„r . 1 «(X1, 6 -X1, 3 )(X1,1-X1, 3 ) 



(J) if (a(a;i i6 - 2:1,3); 2:1,1 - x lt3 ) Rl ~{2i} © if (-; a(a:i,6 - ^1,3X^14 - a?i,3))-Ri" 



By the decomposition and using Theorem 12. lOi The total matrix factorization (jTTJ) is isomorphic to 



j'-i 



/" / a(a;i,6 - £1,3) \ / 
a 2 



- ^1,3 

Xl.l + Xj.,2 - 2:1,3 - 2:1,4 

(0)1,1 - ^l, 3 )(I]fe=o( _1 ) 1_A;a; M fea; fe,2) + ^2,2 - 2^2,4 



( ( 01 \ 



ffi* 



/ \ («1,1 -2:1,3) (EiLoC- 1 ^ 1 ^/c^) +2;j,2 -2:^,4 // 

/ 2:1,1 + 2:i,2 - #1,3 - 2:1,4 \\ 

(2:1,1 - xi :3 )(J2l=o(~ 1 ) 1 ~ kx i73 kxk - 2 '} + x 2,2 ~~ X2 > 4 



Ri~ 



(2:1,1 - 2:i, 3 )(Efe=o(- 1 ) j 1 fca! i,3 1 fe ^-2) + 2'j,2 - Xj. 

(^,i-*i,3)(Ei=o(-l) , '"Mr3*^a) 



{-i} 



// a(xi, 6 - 2:1,3) + EL(EL= 1 o(- 1 )'- 2 -^i73 1 " fe ^,2)^ \ 



J'-l 

ffitf 



Ol 
"2 



vv 



/ 2:1,1 - 2:1,3 \ \ 



/ 



V 



2:1,2 - 2:1,4 
2:2,2 - 2:2,4 

Xj,2 ~ X jA 



{2i-j} 



// EiiK-i)^ 1 ^ 1 \ 

E£ 2 (-l) fc - 2 « fe 2:^ 2 



-Ri" 



"; I - •''I,:)". + 2:1,3^+1 

" ; - ' l .i" ; • I 

Oj + l 



/ 2:1,1 + 2:1,2 - 2:1,3 - Xi, 4 \\ 

2:1,12:1,2 - 2:1,3X1,4 + £2,2 - 2:2,4 
2:1,12:^-2,2 - 2:1,3^-2,4 + 2:5-1,2 - 2:5-1,4 

2:1,12:5-1,2 - 2:1,32:5-1,4 + Xj.2 - 2:5,4 

2:1,12:5,2 - 2:1,32:5,4 / / 



{-3} 



Ri 
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where a J+ i = f . 

Using Theorem 12. 101 we find the above matrix factorization is isomorphic to 



j-2 



3+1 




\ 



( 



3-1 
i=l 



J -2 



3,4 



\ 



{2i-j} 



(2)We have 



(( a::;;'; \ 



1;5,6 
3 

*l;5,6 
A 2,l:.7 



A 



1;5,6 
3,1;3 



i i A i;5,6 



^2,6 ^ Si ill 5 - x 2 , 5 



Xj,6 Xl,lXj_ 1,5 Sj,5 

v sj+1,6 - £i, i2^,5 - xj+1,5 y y 



{-J} 



\,l^j,5^j + l,6] 



(( v?*f \ 



3;5,8 
3 

t/3;5,8 
K 2,l;7 



T/3;5,8 

w v?ii%j y 



(( v tt! \ 

7:2,6 



V, 



2,i;i 



3,i;3 



/ Si, 3 +Xi, 5 - Xi )8 \\ 

£i,3£i,5 + a; 2 ,5 - £ 2 , 8 

£1,3X7-1,5 + aCj,5 - Xj, 8 

v - Sj+i,8 y y 

Xl,7 +Xl, 2 - Xi, 6 \\ 
Xl,7#l,2 + X 2 ,2 - X2,6 



1,3^,5^ + 1,8 



\ \ V j+l,l;j 



(( A ^ \ 



3A" 



Xl,7Xj-i,2 + 2Tj,2 - Sj,6 

v ^1,7^,2 - y y 

/ 351,8 - 31,7 - £1,4 \\ 
^2,8 - 5Cl, 7X1,4 - X 2 ,4 



1,7^7,2^ + 1,6] 



A 



7;4,8 

3,i;3 

I I A 7;4,8 



%j,8 ~ Xl,7Xj_i,4 - Xj,4 
Xj+1,8 - Xl,7XjA 



{-J}- 



J J 



We apply Corollarv l2.15l to the matrix factorization. Then we obtain 

// A ii;? \ / - r 1 ' • \\ 



K 



A 



1;5.6 

3+1, i;j 



v v ^ + i',l-3 y 



Xj'+1,6 Xi,iXj,5 

v si,3Xj,5 - Xj + i,8 y y 



{-2j}, 



fl 2 
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where R 2 = Q v ' ^' 

*j,5, ^j+1,6) <M,7j ^3+1,8 

In the quotient ring, there are equations 



£1,6 



£l,3 + ^1,5 - £l,8, ' ' ■ , £l,3£j-l,5 + Xj,5 - %j,S, 
%l,7 + ^1,2 ~ £l,6, ■ • • , 2Cl,r^j,2 - ajj+1,6) 
^1,8 - Zl,7 - *1,4, ' ■ ' , £3+1,8 ~ £l,7£j,4 



^5 = E(- 1 ) fe " 1 ^<3 1 -^/,4 *l,7 + £(-l) fe -^> M H Bfc) (fc = l,---,j), 



\/=0 
£1,7 + X1.2, 



1=0 



£3 + 1,6 
£l,8 



£l,7£j,2, 
£1,7 + £l,4) 



£j+l,8 = £l,7£j,4- 

Using the above equations, we find the matrix factorization is isomorphic to 



K 



A i;5,6 

^j+i,i;j 

V \ y^s" / 
\ \ v j+l,l;j ' 



K 



/ / A 1;5,6 . a 1:5,6 



A l;5,6 . A l;5,6 



Si 

Sl£l,7 + S 2 



Sj-i£i,7 + - s j 
£i,7£j,2 — £1,1-83 

V £l,3-Bj - Xl,7%j,4 J J 

\ ( 



A i;5,6 



A i;5,6 



{-2j}, 



1,1 J-^j', 2, ^1,3; ^',4, -^1,7] 

Si 



s 3-l 

S-i 



£i,7£j,2 — ®i,iBj 
V (£i,3-£i,7)(Ef=o(-l) 3 '" i £i:3£/,4) // 



{-2j}, 



fl,l > ^j, 2, -^l, 3,^, 4, ^1,7] 



where s fc = a: fe , 2 + Ef^" 1 ) x i,3 X i,i;j and A ft,i;i> ^+M;j are derived from A$£, using the 

equations. 

The polynomial A^'i i-j can be described by 



F j+l( X l.l-p ' ' ' >^j'l;j) X j+lfi) - Fj+l( X l,l;ji ' ' ' ) X j^l;j ) X j+l,l;j) 



A 



1;5,6 

3+1, i;j 



yl;5 

£j + l,6 -^3 + 1, l;j 



= C (.Ti i7 + - Xl,3 + £1,4)" 3 + 

n— 3 1 n— 3— 1 1 1 
— CqCCj 7 + CiX^ 7 + ■ ■ ■ + C n _j, 
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where cq S Q and Ck E Q[Xi,i, Xj,2,Xi,3, Xj,i\{-= R2) (k = !,••• ,n — j). Using Theorem 12.131 we have 



2!) 



/ / a 1;5,6 . \ 



K 



1:5.6 



A 1:5,6 1 „ a 1:0, 
j i.e.; + ^ A^u 



A i;5,6 



t/3;5,8 



J 



si 

Sj-i 
S 3 



{-2j}{2j + 1 - n} (1) 



A" 



.1:5,6 , a1;5.( 



A i;5,6 



vv ^ 



3;5,8 



f 1 , 1 , , 2 , ^1 , 3 ->Xj 1 4 , <Yi ( 7 ] 



V (^i,3-a;i,7)(Ei=o(-l) , '-'^ l ^,4) 



{1-n} (1), 



where Ri = Q[Xi t i, Xj,2, -^1,3, Xj,4, <^i,7]/A-^ ... Using Corollary 12.111 there are polynomials G AY 
(fc = 1, ■ ■ • , j) and 6 € R% 'to give the following matrix factorization which is isomorphic to the above ma- 
trix factorization 



K 



( ( fel \ 

\\ b j 



Sl 



v (^,3-iBi,7)(Ei=o(-i) , '" , ^^M) //^ 



{l-n}(l). 



The partial matrix factorization K(b; {x\^ — 2 ; i,7)(X/i=o( — ^x\ 3 x; 

,4)W is described as 



R2" \ 

(2=1,3 ~ X\j)Rz 

£1,7(2:1,3 ~ x\,t)R*i 

x i^ 3 ~ {Xl,3 ~ Xij)R 2 " 
V ^l?" (^1,3 ~ ^1,7)^2" / 



' / R2 

A 2 "{3 -n}\ 
a;i,7^2"{3 - n} 
x\ j7 A 2 "{3 - n} 



2oV 2 A 2 "{3 - n} 
/3A 2 "{3 -n} J 
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where 



9o 



9i 



I 6(2:1,3 - 2:1,7) 





\i 

( 



\ 

6(2:1,3 - 2:1,7) 




( Xlt3 - Xlt7 )(J2(-iy-^4- 1 



XI a) 



1=0 



v 



1=0 



n—j—l / k \ 

■' ' 1 me*?,-. 1 * 

k=0 \l=0 J 



E <? 

1,1) %j,2} ^1,3; Xj,4]- 



1=0 





Remark that we have 



/3(zi,3 - 2:1,7) 



n—j . ra — j — 1 



A 



1;5,6 

i+l,l;j |»i,7— >a:i t 3 ■ 



Therefore the partial matrix factorization is isomorphic to 



n—j-l 



K 6(2:1,3 - ->-:-^Yj \v 'x$s m {2k} 



k=l 



1=0 



R2" 



K |~;/3(2:i,3 - 0:1,7) (E< I-' '.'•i:/.n.;j j 



Then the total matrix factorization is isomorphic to 



(12) 



n—j—l 

fe=i 



/7 61 \ 



\ V 6(2:1,3 - 2:1,7) / 

h \ ( 



Sl 



{2fc + l-n}(l) 



(13) 



V V \ J 



v E?=o(-l) 3 ' _I <3 ^,4 y j 



\ A i+l!i;j k,7-^!.3 (ELoC- 1 ^ ^i, 3 '^-4) y j 



{l-n}(l) 



R%; 
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On the other hand, we have 




K 



\ \ A 1;9 ' 2 / 



{i-i} 



( ( \ ( X Hi-i - *M \ \ 



K 



\ \ v j,l:j-l I 



A l,l:j'-1 



A i;9,2 



A i;9,2 
\ \ / 



w 



S.7-1 



A' 



A 



{i-i} 



A 



1;9,2 

J-l,l:i-l 



Si 



{i-i}- 



Thus using Theorem 12. 10| the partial matrix factorization (|12j) is isomorphic to 



( 



n—j—X 

fe=i 



2 \ 



3-1 



1 

^1,3 



3,4 



{2fc + j-n}(l} 



Moreover we have 



3 



Aj'+i,VJ |^i,7-»xi, 3 I ^ ,( 1)^ '^1,3 X M j 
Vi=0 / 



_ yl;5 
2^+1,6 ^J + l,l;j 



XI, 7— >S1,3 



:S2 



YASUYOSHI YONEZAWA 



Since we have 



X 



1;5 



Xl,7— ►Kl.s 



/ /fc-2 



fc-1 



*M E(- 1 )^ 2 ^l,3 2 - i ^,4 *1.T + Ef- 1 )"" 1 "' 3 ^ 1 " 



X|,4 



J=0 



i=0 



'fc-1 \ fc 



i=0 



3=1,7— ►f!l,3 



A l;5,6 I 



(ELoC -1 ^" 1 " 1 ^1,3^,4) equals 



yl;4 



J=0 



F 3+l( X l',l;- 



EH) 



3-1 3 2<i,4 



mod (Sj)„. 



-IJ-i yl;4 



rl;4 



yl;4 yl;4 \ 



^1,3 ~ £1,1 

^1 (a:i,3) ~ ^l(^l,l) . ■Pj(«li ••• ~ Fj(xi t 4, ■■■ ,Xj t4 ) 



Xl,3 ~ Xia 



where u k = ^(-l)^^^ 



1=0 



The second term 



Fj(ui,U 2 , ■■■ ,Uj)~ Fj(xx ji ,X2,4, ■ ■ ■ ,x jA ) 



Xl,3 ~ Xia 



equals 



F j (u 1 ,u 2 , ■ ■ ■ ,Uj) - F J (x 1A ,u 2l ■ ■ ■ ,uj) 

Xl,3 ~ 351,1 

| ^(0:1,4,^2,^3, ■ ■ ■ ,uj) - F j (xi A ,x 2 ^u 3l ■ ■ ■ ,u 3 ) 

Xl,3 - X\A 

Fj(xi,4,"' ; Xj-l : 4,Uj) - Fj(xiA, • ■ • ,Xj-l A ,Xj A ) 
Xl,3 - X 1A 
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Since Uk — XkA = {xi,i — ^1,3) (j2i = o(— 1 l x\ 3* '^m) an d s k = %k,2 — "fe, the above polynomial equals 
Fj(ui,u 2 , ■■■ ,Uj) - Fj(xi A ,u 2l ■ ■ ■ ,Uj) 



F J (xi A ,u 2 ,u 3 , ■■ ■ ,uj) - Fj(x 1 ^x 2Al uz, ■ ■ ■ ,Uj) 
u 2 - X 2 A 



3 x lA 



1=0 



Fj(xi A ,--- , Xj-iA,Uj) - Fj(xi A , ■■ ■ , Xj-i,4,Xj,4) / 

Uj - Xja \ 

Fj(xi, 2 ,X2,2, - ■ ,Xj, 2 ) " Fj(xiA,X 2 . 2 , ■ ■ ■ ,Xj, 2 ) 
Xl,2 - XlA 

Fj(xiA,X2,2,X3,2, ■ ■ ■ ,Xj t 2) - Fj(xiA,X2A,X3,2r ■ ■ ,Xjp) | 
X2,2 ~ X 2 A ' 

Fj(xia,--- ,Xj-iA,Xj, 2 ) - Fj(xiA, - ■ • ,x 3 -iA,XjA) 



3-1 



E< i>' : ^ 



xia 



1=0 



E(- 1 ) 1 "^; 



3XIA 



1=0 
3-1 



\ Z=0 

mod (s 1 ,s 2 ,--- ,Sj) R2 .. 

3-1 

->i-1-l j 

*1,3 



*S ( E^r 1 "^' 



Hence using Theorem 12.101 and Proposition ^. 91 the matrix factorization (fT3|) is isomorphic to 
(( * \ ( 51 \\ 



A' 



VV § / 



^-EL 1 ^(Et-o 1 (-i) fe - i -H- 3 1 -'^,4) yy 



{l-n} (1) 



R2V 



/7 *S \ 



A" 



L 



■2,3 



L 



2:4 



VV 



Xl,2 ~ Xia + x l,3 ~ XlA 



x 2 , 2 - x 2A + (xi t 3 - xi,i) (ELo( -1 ) 1 ^1 3^ 



Xj,2-X j A + (x lt3 -Xi tl )(YZ=o(- 1 ) j 1 ^Is 1 



£l,3-0;i,l / \ ^1,1 - Z^fc=l ^i=o ^1,3 x ^ 



{1 -«}<!> 



yy 



K 



/ a?i,2 ~ ^1,4 \ \ 



3:1 



{l-n} (1) 



( XlA 



K 



V Lt]l J 



•£3,2 ^3 A 
V ^1,3 - Xl.l J ) 



<^l,3 XjA 



34 
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□ 



Corollary 3.10. 



4fi 



32 I 

32 + 1 jl-j-2 
32 



1 

%1,3 



(ji—h) C7a-1) 

e 

i=0 



ii,4 



^ <-fl,l <^'i,2 ^ 



p(*j'i-i;i2-i) 



A' 



1,3 



(il-j2-l)j2 

e 

i=0 



{-C7'i-Ja)0'2-l) + 2i} 



p(«,ii-i;i2) 



^1,3 <^7i,4 



{-(ji-J'a-l)ja + 2i} 



Proof. We consider the following matrix factorization 



(14) 



/ *i,i 
1'' 



Xn.2 \ 



.) 2 



■■Ji 



J2-1 



J 2 



./1 



■4 /» 
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Using Proposition 13. 91 (2) and Proposition 13. 81 (1), the matrix factorization is isomorphic to 



35 



(15) 



/ Xi,i 



Xji,2 

In 



J2 + 1 h~ 32 



l 

•^1,3 

X%,1 
1* 



X. 



3lA 



X. 



h,2 
f i 



32 + 1 31-32 

h 



1 



X, 



3i 
31 A 



32-1 

e 



3132-32 



e 

fc=0 



e 



32-1 
i=l 




{2i-j 2 } 



<-tl,3 ^ 



3l A 



\ 



{-hh+it + lk} 



p(fej'i;j2)\ 



{2i-i 2 }- 



36 
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On the other hand, using Proposition 13. 71 Proposition ^. 81 (1) and Proposition ^. 91 (2), the matrix factorization 
(fTi)) is isomorphic to 



Am 

l" 



X 



31,2 



33-1 



^-1 



(j'l-j2)(j2-l) 

e 

i=0 



i'' 



p(»,ii-i;j2~i) 



71-1 



{-0'i-i 2 )(i2-i) + 2i} 



(16) 




{-0'l-i2)(j2-l) + 2i} 



p(«,ji-i;j2-i) 



ji,2 



(Jl-J2)(j2-1) 

e 

i=0 



^1,3 <^ji,4 



{2fc-ii} 



/ 



{-0'i-J2)(72-l) + 2i} 



/ 



The Z-grading shift of the matrix factorization (fT5)) is derived from [72 — 1] 

Since [ji — 1 



ization (|16p is also derived from [ji — 1] 
Corollary EIOl 



.71 - 1 

h - 1 



and one of the matrix factor- 

we obtain 

□ 





- l" 


-[72-1] 






"ii-i" 


- 1 






J2 




J2_ 




.72 



Conjecture 3.11 (For Strategy (SI)). There are equivalences in the category HMF 91 ^ corresponding to the 
remaining MOY relations. 

For crossings with coloring (1,2) and (2,1), the author categorified MOY polynomial using the category 
Kom(HMF) [11]. 
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